AD-A076  876  STANFORD  UNIV  CALIF  DEPT  OF  COMPUTER  SCIENCE  F/G 

A  SYMMETRIC  CHAIN  DECOMPOSITION  OF  LU.N).(U) 

AUG  79  D  B  WEST  N00014-76-C-068S 

UNCLASSIFIED  STAN-CS-79-763  NL 


DDC  ,f  1LE.C0PY.  AOA076876 


t 


i 


A  SYMMETRIC  CHAIN  DECOMPOSITION  OF  L(4.n) 

by 

Douglas  B.  West 


STAN-CS-79-763 
August  1979 


DEPARTMENT  OF  COMPUTER  SCIENCE 
School  of  Humanities  and  Sciences 
STANFORD  UNIVERSITY 


79  11  15  145 


PROGRAM  tituINT.  PROjCCT 
•  Nf«  A  WORK  UNIT  NUMBERS 


>>  NUMBER  or  rages 


'»•  DC  CL  ASSIFiCATiOn/OORNGRAOiNG 
SCHEDULE 


REPORT  DOCUMENTATION  PAGE 


READ  INSTRUCTIONS 
BEFORE  COMPLETING  FORM 


>  Ml  PGR  T  HUMIM  H 

STAH-CS -79-763 


S  TYRE  or  REPORT  A  PERIOD  COVEREO 

technical,  August  1979 


PORT  NUMBER 


T*  MONITORING  AGENCY  NAME  *  AODRCS %{•!  d>tloronl  bom  0//u»J 

ONR  Representative  -  Philip  Surra 
Durand  Aeronaut i cs  Building,  Room  1 65 
Stanford  University 
Stanford,  Ca.  94305 


is  security  class  r«i  iM»  nj 

Unclassified 


<•  IUPPlEnESTANY  notes 


It  Ptrt  ( Cn*'H*'ip  n"  rfrffl#  »ldP  it  "PC  PPPOry  ond  Idpntllf  by  Unc  A  rubber) 


70  A  05  Tn  ACT  I'foaNnwa  an  tpoofPP  pidp  It  npt  oppory  anrf  Idpntltf  hr  block  nvmbo*) 


(see  reverse  side) 


*  PERFORMING  ORGAniIATK  n  name  and  aoore&s 

Department  of  Cw  puter  Science 
Stanford  University 
Stanford,  California  94305  USA 


II  CONTROLLING  OFFICE  NAME  AnO  AOORESS 

Office  of  Naval  Research 
Department  of  the  Navy 
Arl Ington,  Va  22217 


it  OtftTmejTlON  STATEMENT  (ol  #AI#  K ppo'1) 


Releasable  without  limitations  on  dissemination 


17  OlSTRlBj’lON  ST  ATEMFN  T  (of  I*#  Pbtlrpcl  pntptpd  in  Block  70,  It  dtllprP Pti  from  Bppori) 


UNCLASSIFIED _ _ _ 

s»cti«itv  Classic ication  op  this  page  Uoio  7*io»oJ) 


*  TITLE  (on d  3u6lllta)  ^ 

A  Symmetric  Chain  Decomposition  of  L(4,rt). 


T  »UlHO»(.l 


Douglas  b. i nest 


7JJ77 


UNCLASSIFIED  7  /  /  * 

SECURITY  CLASSIFICATION  OF  THIS  PAgT7»N»h  !>*•»  t*N>M) 


DD  1473  EDITION  OF  1  NOV  »S  IS  obsolete 


UNCLASSIFIED 


UNCLASSIFIED 


ji  Cuwi»  classification  or  This  >■  rot (■»>>♦"  *>•»•  *«(«»»*.) 
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A  Symmetric  Chain  Decomposition  of  L(kjn') 


Douglas  B.  West 
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Stanford,  California  9I305 


Abstract 


L(m,n)  i6  the  6et  of  integer  m -tuples  (a^,  ...,affl)  with 
_<...<  a  <  n  ,  ordered  by  a  <  b  when  a,  <  b  for  all  i 


R.  Stanley  conjectured  that  L(m,n)  is  a  symmetric  chain  order  for 


all  (m, n)  .  We  verify  this  by  construction  for  m  »  1 
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L(m,  n)  is  defined  as  the  lattice  formed  by  order  ideals  in  the 

direct  product  of  two  chains  with  m  and  n  elements,  respectively. 

Equivalently,  it  is  the  collection  of  integer  sequences  a  =  (a^, ...,a  ) 

satisfying  0  <  <  . . .  <  am  <  n  ,  with  ordering  a  <  b  when  a4  <  b. 

for  all  i  .  The  correspondence  is  simple.  If  the  chain  elements  are 

<  ...  <  and  <  ...  <  ,  then  the  number  of  elements  paired 

with  x,  in  the  ideal  corresponding  to  a  is  n-a;  .  In  other  words,  the 

antichain  generating  the  ideal  is  )»...#(x,y  )}  . 

1  n  n_am 

Clearly,  the  rank  of  element  a  is  £  a,  ,  the  rank  of  the  entire 

lattice  is  mn  ,  and  the  cardinality  of  the  lattice  is  ( )  .  For 

m 

any  element  a  ,  we  define  its  conjugate  a  =  (n-a^, ...,n-a  )  ,  Note 
that  a  -  a  .  The  ranks  of  an  element  and  its  conjugate  sum  to  mn  , 
so  the  sizes  of  the  ranks  are  symmetric  about  the  middle.  Using  complex 
algebraic  methods,  R.  Stanley  f3)  proved  the  sizes  of  the  ranks  are  also 
unimodal.  These  are  necessary  conditions  for  a  stronger  property  he 
conjectured  also  holds.  He  conjectured  that  L(m,n)  is  a  symmetric 
chain  order.  A  symmetric  chain  order  is  one  whose  elements  can  be 
partitioned  into  chains  which  are  saturated  (skip  no  ranks)  and  symmetric 
about  the  middle  rank.  The  conjecture  is  clear  when  m  *  1  or  m  >  2  . 
lindstrffe  (2)  provided  an  inductive  construction  to  verify  it  for  m  ■  3  . 
Here  we  give  a  construction  somewhat  different  from  his  which  verifies 
the  conjecture  when  m  *  U  . 

Let  S(m,n)  ,  the  "shell"  of  L(m,n)  ,  be  those  elements  which  begin 
with  0  or  end  with  n  .  When  these  are  removed  from  L(m, n)  the 
remainder  is  isomorphic  to  L(m,n-2)  .  The  conjecture  holds  trivially 
when  n  *  1  ,  and  L(m;Q)  can  be  defined  as  having  a  single  element. 
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So,  providing  a  symmetric  chain  decomposition  of  S(m,n)  proves  the 
conjecture  by  induction.  We  use  this  approach  here  for  L(l*,n)  . 
Unfortunately,  when  m  is  odd  and  n  is  even  the  rank  sizes  in  S(m,n) 
are  not  unimodal.  So,  for  that  case  Lindstrttm  was  forced  to  strip  off 
two  shells  for  his  induction.  For  m  =  1  this  difficulty  does  not 
arise.  It  is  possible  that  Lindstrttm's  construction  generalizes  for 
odd  m  and  this  does  so  for  even  m  .  When  m  and  n  both  exceed  2 
L(m,n)  is  not  an  LYM-order,  so  Griggs'  sufficient  conditions  for  a 
symmetric  chain  order  [lj  cannot  be  applied. 

Theorem.  L(1*,n)  is  a  symetric  chain  order. 

It  suffices  to  give  a  symmetric  chain  decomposition  of  S(l*,n)  . 

The  chains  will  be  of  two  types,  and  ,  for  suitable  values 

of  i  and  J  .  The  chains  are  clearly  saturated,  so  two  steps  will 
complete  the  proof. 

(1)  No  element  appears  in  more  than  one  chain. 

(2)  The  number  of  elements  in  the  construction  is  the  size  of  S(m,n)  . 

Each  chain  is  composed  of  six  segments,  with  the  top  element  of 
one  sepnent  and  the  bottom  element  of  the  next  identical.  Throughout 
a  given  segment  only  one  position  in  the  integer  sequence  changes. 

Table  1  explicitly  defines  the  chains  and  gives  the  ranks  where  the 
changes  between  segments  occur. 

Segments  must  have  length  at  least  0  .  That  is,  top  and  bottom 
elements  may  be  identical,  but  the  top  element  must  not  have  rank  below 
the  bottom  element.  Examining  the  lengths  of  se@nents  and  ensuring  that 


we  have  legal  elements  at  the  bat tan  of  C 


yields  necessary  conditions  on  i  and  j  .  We  claim  the  desired 


decomposition  is  obtained  by  taking  all  chains  for  which  these  necessary 


conditions  are  satisfied 


Figure  1  gives  S(l*,7)  explicitly  as  an  example 


1*777  6667  5677 

3777  5667  5577  1*677 

2777  1*667  5567  3677  1*577 

1777  3667  5557  1*1*77  2677  3577  1*567 

0777  2667  1*557  1*1*67  1677  2577  3l*77  3567 

0677  1667  3557  1*1*57  1577  21*77  3377  2567  3^7 

0577  0667  2557  1*1*  1*7  H*77  2377  3367  1567  31*57  21*67 

Ol*77  06 66  1557  3l*l*7  1377  2277  3357  0567  2l*57  2367  H*67 

0377  0566  0557  21*1*7  1277  2267  331*7  OU67  ll*57  2357  1367 

0277  0U66  0556  1U7  1177  2257  3337  0367  0U57  23 1*7  1267  1357 

0177  0566  0555  0U7  H67  221*7  2337  0267  0156  13l*7  1257  0357 

0077  0266  0l*55  0UI6  1157  2237  1337  0167  0356  031*7  12l*7  0257 

OO67  0166  0355  0UU5  111*7  2227  0337  0157  0256  03U6  1237  02l*7 

0057  0066  0255  0UU  1137  1227  0336  0ll*7  0156  O3U5  0237  02U6 

00l7  0056  0155  031*1*  1127  0227  0335  0137  0lU6  02l*5  0236 

0037  00U6  0055  021*1*  1117  0276  033 1*  0127  0136  011*5  0235 

0027  0096  001*5  OlU*  0117  0225  0333  0126  0135  023 1* 

0017  0026  0035  00 1*1*  0116  0221*  0233  0125  013 1* 

0007  0016  0025  003 1*  0115  0223  0133  0121* 

0006  0015  0021*  0033  0111*  0222  0125 

0005  0011*  0023  0U3  0122 

0001*  0013  0022  0112 

0003  0012  0111 


Outline  of  Proof.  To  show  the  elements  are  all  distinct 


the  D  -chains  in  terms  of  the  C -chains  and  then  restrict  our 


attention  to  the  C -chains.  Let  C ‘ 


similarly  for  D, .  .  We  claim  that  chain  D.  .  .  is  the  conjugate  of 

chain  C.  .  when  the  top  and  bottoms  elements  of  the  latter  are  removed, 

i#  J 

r  *  i*n.r 

That  is,  (D.  ,  . )  =  C.  .  .  It  suffices  to  perform  the  conjugation  on 


the  transition  elements  between  segments  of  D.  .  .  .  They  become  the 

l,  J- J- 

transition  elements  of  C,  .  .  Note  the  top  and  bottom  elements  of  C. 


are  unaffected  and  are  conjugates  of  each  other.  Whenever  D 


are  those  where 


Distinctness  now  reduces  to  showing 


The  elements  of 


are  all  distinct 


The  chains  Cic  and  (n_jj  ro  are  self -conjugate 
There  are  no  conjugate  pairs  among  the  elements  of  L 


other  than  the  tops  and  bottoms  of 


where 


chains 


(lb)  is  seen  immediately  by  conjugating  the  transition  elements  in  those 


chains.  The  other  two  statements  require  eliminating  a  large  number  of 


To  show  we  have  the  correct  number  of  elements,  we  proceed  by 


induction.  Simple  counting  verifies  it  for  small  n  .  In  general,  the 


This  is  the  sum  of  a  familiar  sequence.  Indeed, 


Now  we  examine  the  changes  in  the  construction  between  n-1  and  n  . 


For  all  values  of  i  and  J  such  that  or  exists  in  the 

construction  for  n-1  ,  a  similarly  indexed  chain  exists  in  the  construction 
for  n  .  Subtracting  ranks,  the  number  of  elements  in  is 

l(n-3i-J)+l  ,  and  the  number  in  D„  is  U(n-3i-j)-5  •  Each  of  these 
chains  has  U  more  elements  than  the  similarly  indexed  chain  in  S(k,n-1)  , 
if  that  chain  exists.  We  will  see  there  is  a  for  every  element  of 

the  middle  rank  which  begins  with  0  and  a  for  every  such  element 

otiose  first  position  is  not  zero. 


The  chains  which  arise  newly  when  n  is  reached  are  those  C.  .  for 

J 

which  3i+2J  *  n  and  those  ,  for  which  3i+2j  =  n-3  .  For  each  value 

of  i  from  0  up  to  Ln/3j  or  Ln/3  J  -1  ,  depending  on  parities,  there 
will  be  one  new  or  Dj  .  ,  but  not  both. 

Verifying  that  the  construction  picks  up  the  proper  number  of  elements 
reduces  to: 


(2a)  Computing  (and  multiplying  by  l  )  the  number  of  chains  in  the 
construction  for  S(^,n-1)  --  that  is,  the  sum  of  the  mxnber 

of  solutions  to  3i+2J  <  n-1  and  3i+2j  <  n-1*  . 

(2b)  Computing  the  total  number  of  elements  in  new  chains. 

p 

(2c)  Verifying  the  sum  of  new  elements  in  (2a)  and  (2b)  is  (n+1)  . 

(2b)  breaks  into  cases  depending  on  the  parity  of  n  ,  and  (2a)  does  the 
sane  with  the  parity  of  Ln/3j  »  so  (2c)  requires  six  cases,  depending 
on  the  congruence  class  of  n  modulo  6  . 

Details  of  Step  1.  If  (la)  does  not  hold,  suppose  a  ■  cf.  ■  .  We 

have  a  msnber  of  cases  to  consider,  depending  on  Which  segment  contains  a 
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in  each  of  the  two  chains.  Let 


denote  segment  p  in  C 


ij 


IS  ' 


Equating  the  descriptions  of  the  segments  in  Table  1  give  us  a  number 
of  linear  relationships  between  i  ,  j  ,  k  ,  and  /  .  If  a  comes 
from  ^C,  .  and  ^  ,  equating  the  positions  which  do  not  change  in 
that  segment  implies  i  *  k  and  J  =  /  in  all  six  cases,  by  straight¬ 
forward  subtraction  of  equalities. 

By  symmetry  we  may  assume  a  occurs  in  a  lower  numbered  segment 
in  than  in  .  We  allow  the  transition  elements  betwet  1  segments 

to  belong  to  either  segment.  So,  if  a  is  in  and  ,  we  may 

assume  a  is  not  the  toy  element  of  nor  the  bottom  element  of 

\t  ’  6156  we  have  a  case  with  smaller  q-p  .  In  particular,  the 
rank  of  the  top  element  in  must  be  strictly  greater  than  the 

rank  of  the  bottom  element  in  . 

Suppose  q  *  p+1  .  This  comparison  of  ranks  yields  a  strict 
inequality  when  a  p-articular  linear  function  is  applied  to  (i, j)  and 
to  (k,  i)  .  Whenever  q  p*l  two  positions  in  the  eloncnts  remain 
constant  from  the  bottom  of  segment  p  to  the  top  of  segment  q  .  This 
expresses  two  positions  of  a  as  identical  linear  functions  of  (i,J) 
and  (k, /)  .  In  all  five  cases,  we  readily  get  the  same  linear  function 
we  obtained  by  considering  ranks,  but  with  equality  this  time. 

If  the  first  position  of  a  is  nonzero,  a  can  occur  only  in 
segments  5  or  6  .  If  it  is  zero,  a  occurs  in  segment  l  or  below. 
This  eliminates  all  but  three  of  the  cases  which  might  have  cf .  ■  cf 

with  (i,j)  4  (k>  0  •  Ihe  remainder  we  handle  individually. 

2  1* 

If  a  is  in  Cj ,  and  Cj^  ,  positions  2  and  3  require 
i  »  n-2k-/  and  n-i-j  >  n-k-l  .  Adding  these  gives  n-j  >  2n-3k-2|  >  n  . 


Equality  of  the  last  three 


positions  requires  k  <  i  ,  n-k -/  *  2i+j  ,  and  n -/  >  Ji+j  .  Substituting 


for  k  and  n -/  in  the  equation  gives  2i+j  <  2i+j  .  Finally,  suppose  a 


with  the  bottom  of 


Canparing  the  top  of  C 


yields  n+Ji  >  3n-3k-3f  >  n+Jk+f  or  i  >  k  .  On  the  other  hand 


the  middle  two  positions  of  a  remain  constant  in  both  sections,  so 


i  b  n-2k- /  and  2i+j  ■=  n-k-/  .  Subtraction  gives  i+J  =  k  or  i  <  k 


(lc)  also  breaks  into  cases  depending  on  the  segments.  We  assume 


with 


Here  the  arguments  do  not  group  together  as  cleanly.  One  element  of  such 


a  conjugate  pair  occurs  at  least  as  high  as  the  middle  rank  in  one  chain 


we  have  recorded  C 


Call  this  chain  C 


in  Table  2.  Since  Jn-3i-3j  <  2n 


Since  n-*-5k+2/  <  2n  ,  a  lies  in  segment  3,^,5 


We  first  notice  p  =  U  is  impossible,  a: 


it  would  imply  /  <  0  .  We 


handle  the  remaining  cases  individually .  Again  we  equate  corresponding 


'Hie  requirements  on  j  and  /  figure  prominently 


positions  in  a 


i+j  <  k  and  i  >  k+/  give  us  a  contradiction,  as  do 


Subtracting 


case  where  the  top  and  bottom  of  the  chain  are  conjugate 


2i+J  >  2k* /  .  Subtracting 


Substituting  for 


i  gives  n-3k-Z  <  j  .  As  mentioned  oar Her,  this  is  a  contradiction  since 


both  3i+2j  and  3k+2/  must  be  less  than  n 
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oi*2J  (0,  i  ,  oi«-J  ,  5i+j)  (0,  k,  2k+/ ,  Jk«-/)  6k *21 


P  ■  5  >  q  -  6  .  \  ■  k  .  »  2i+J  ■  2k+/  .  Subtracting 

implies  i  b  k+/  ,  so  J  ■  /  «  0  . 

P  ■  '  i  1*  ^  •  »i  •  n-3i-J  ■  /  .  a,  »  n-21-J  *=  k+  /  .  Subtracting 
gives  i  b  k  .  Substituting  in  a.,  yields  n-3k -/  *  j  ,  giving  the 
cane  contradiction  as  in  (p, q)  »  (6,5)  . 

P  ■  5  ,  q  ■  U  .  Oj,  *  n-Ji-J  >  /  (equality  returns  us  to  the  previous 
case),  a^,  •  n-2i-J  ■  k  +/  .  Subtracting  a^  gives  i  <  k  . 
a,  »  r.-i-J  >  2k*/  .  Subtracting  a*,  gives  i  >  k  . 

p  ■  ,  q  ■  3  •  Lest  p-q  be  smaller,  the  requirement  on  ranks  is 

Un-3i-3J  <  n+3k+3 1  ,  so  n-2i-J  <  k+ 1  .  But  a.  •  n-2i-J  •  k+/  . 

P  -  5  ,  q  -  5  .  a,,  -  n-2i-J  -  k*/  .  a,  •  n-i-J  -  2k*/  . 

Subtracting  yields  i  ■  k  .  Substituting  this  in  the  two  previous 
equations  gives  the  familiar  contradiction  n-M-J  •  /  and  n-3k-l  »  j  . 

This  completes  the  proof  of  (1). 

Details  of  Step  Wc  begin  with  (Da).  The  toj  element  of  sequent  1 

in  C1  ,  has  rank  3n-3i-2J  >  2n  ,  so  every  Cj ,  has  a  0  in  the  first 

position  of  its  middle  rank  element.  The  bottom  rank  of  segment  3  in 

.  is  n*3i*2J*2  <  2n-l  ,  so  ,  has  a  positive  first  position  in 

its  middle  rank  element.  The  non-decreasing  sequences  of  length  1  which 

start  with  0  ,  end  in  k  ,  and  sum  to  2n  run  from  (0 , 2n-2k  ,  k  ,  k)  to 

(0,  i(2n-k)/2j  ,  r(2n-k)/2l  ,  k)  when  n>k>T2n/3l.  So,  we  want  the 

number  of  C.  's  to  be  T  k-  f  (2n-k)/2l  ♦  1  .  Similarly, 

J  T  2n/3 1  <  k  <  n 

the  elements  covered  by  's  run  from  (k  ,  k  ,  n-2k ,  n)  to 


(k  ,  [_(n-k)/2j  >  T  (n-k)/2~l  ,  n)  for  1  <  k  <  Ln/5j  >  for  a  total  of 

Z  L  (n-k)/2j  -  k  +  1  . 
i< k<  |_n/3  j 

On  the  other  hand,  the  number  of  solutions  to  3i+2J  <  n  is 

£  1+  L(n-ji)/2j  a*1*1  to  3i+2J  <  n-3  is 

°<i<  L n/3 J 

Z  1+  L(n-3i-3)/2j  •  These  turn  into  the  desired 

°  <  i  <  L  n/5 

summations  when  i  is  set  to  n-k  in  the  first  case  and  k-1  in 
the  second. 

We  wish  to  ccr.bine  the  summations.  Separating  the  i  -  0  term 
from  the  first  and  adjusting  the  index  in  the  second,  the  total  number 
f(n)  of  chains  becomes 

f(n)  -If  L«/2j  *2  Z  (1  ♦  L  (n-3i)/2 j  )  . 

l<i<  in/3j 

To  compute  the  summation,  we  pair  terms  for  consecutive  values  of  i  . 
If  ^n/3j  *s  °dd,  we  separate  i  -  [_n/3j  •  Adding  the  terms  for 

1  -  2k-l  and  i  -  2k  gives  2f  (n-6k+3)/2  j  +  L(n-6k)/2j  -  n+3-6k  . 

There  are  [_n/6j  pairs  altogether,  and  Z  (n+3-6k)  - 

1<  k<  Ln/^J 

(nf3)^n/6j  -  3  l.n/6j  L  (n+6)/6j  .  When  jn/3j  is  odd,  the  term 
1+  i  (n-3  L n/3  J  )/2j  remains.  This  is  1  if  n  a  3  ,  l  nod  6  ,  but 

2  if  n  «  5  mod  6  . 

Summarizing,  if  n  ?  r  mod  6,  0  <  r  <  5  »  then  the  total  number 


of  chains  is 


f(n)  -  j.n/2j  f  2(nf3>Ln/6j  -6Ln/6j  L(nf6)/6j  f 


-  Ln/?J  *  (nf3)(n-r)/J  -  (n-r)  (n-r*6)/6  f 


Next  we  consider  (2b).  If  n  is  even,  a  new  chain  C  occurs 
for  even  values  of  i  with  0  <  i  <  l_n/5j  ,  and  a  new  D.  for  odd 
values  of  i  with  1  <  i  <  l.n/3j-l  .  Similarly,  when  n  is  odd  we 
have  a  new  for  even  i  with  1  <  i  <  [_n/3j-l  and  a  new 

for  odd  i  with  1  <  i  <  l.n/3j  . 

To  sum  the  number  of  elements  in  these  chains,  we  can  again  pair 
consecutive  terms.  For  the  total  number  g(n)  of  these  elements,  we 


lc'o,n/2l  +  1<k<^n/6  ,  'D2k-l,(n-6k)/2l  +  lC?k,  (n-6k)/2 * 


;  n  even 


Lwg,  'D2k,(n.6k-3)/2l+  lC2k+l,  (n-6k-3)/2^  5  n  ^ 


0<k<  i_(n-3)/6j 


Since  Jc. , J  =  U(n-3i-j)+l  and  |D. .|  -  U(n-3i-J)-5  ,  this  quickly  becomes 


g(n)  - 


1  ♦  2n +•  23  l*(n-6k)  ♦  8 

l<k<  i.n/6j 


Tj  l(n-6k)-l 

°<k<  L  (n-3)/6 j 


;  n  even 


;  n  odd 


1  +  2n  ♦  l*(n+2)  i_n/6 j  -  12^n/6j  i  (n+6)/6j 


;  n  even 


Mn-1)  l  (n-3)/6j  -12L(n-3)/6j  ^.  ( rr^ 3 ) /6 j  ;  n  odd 


1  +  2n ♦  2(n*2)  (n-r)/3  -  (n-r) (n-r*6)/3 
2(n-l)(n-r*6)/3  -  (n-r) (n-r+6)/3 
2(n-l)2/3  -  (n-7)(n-l)/3 


;  r  -  0 , 2  ,  U 

;  T  m  3 , 5 

;  T  m  1 


For  (2c),  we  need  only  compute  l*f  (n-1)  +  g(n)  ,  which  becomes 


simple  algebraic  manipulation  when  we  consider  a  particular  congruence 


class  of  n  modulo  6  .  Beginning  with  r  ■  1  ,  we  easily  obtain 


r  ■  1:  1*  +  (n-l)(n+3) 


r  -  2:  2n  +  5  +  (n-2)(n+2) 


r  *•  3:  k  +  (n-l)(n+3) 


r  m  0:  Un 17  +  2(n-6) (n+l4)/3  +  n(n-2)/3 


all  of  which  reduce  to  (n*l) 


Sufficient  conditions  for  a  symmetric  chain  order. 
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